IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Energy-momentum/Cotton tensor duality for AdS4 black holes

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
JHEP01(2009)003
(http://iopscience.iop.org/1126-6708/2009/01/003)

The Table of Contents and more related content is available

Download details:
IP Address: 80.92.225.132
The article was downloaded on 03/04/2010 at 11:37

Please note that terms and conditions apply.



http://www.iop.org/Terms_&_Conditions
http://iopscience.iop.org/1126-6708/2009/01
http://iopscience.iop.org/1126-6708/2009/01/003/related
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

PUBLISHED BY IOP PUBLISHING FOR SISSA

RECEIVED: October 7, 2008
REVISED: December 12, 2008
ACCEPTED: December 24, 2008
PUBLISHED: January 5, 2009

Energy-momentum/Cotton tensor duality for AdS,
black holes

loannis Bakas

Department of Physics, University of Patras,
GR-26500 Patras, Greece
E-mail: bakas@ajax.physics.upatras.gr

ABSTRACT: We consider the theory of gravitational quasi-normal modes for general linear
perturbations of AdS4 black holes. Special emphasis is placed on the effective Schrédinger
problems for axial and polar perturbations that realize supersymmetric partner potential
barriers on the half-line. Using the holographic renormalization method, we compute the
energy-momentum tensor for perturbations satisfying arbitrary boundary conditions at spa-
tial infinity and discuss some aspects of the problem in the hydrodynamic representation.
It is also observed in this general framework that the energy-momentum tensor of black
hole perturbations and the energy momentum tensor of the gravitational Chern-Simons ac-
tion (known as Cotton tensor) exhibit an azial-polar duality with respect to appropriately
chosen supersymmetric partner boundary conditions on the effective Schrédinger wave-
functions. This correspondence applies to perturbations of very large AdS, black holes
with shear viscosity to entropy density ratio equal to 1/4m, thus providing a dual gravi-
ton description of their hydrodynamic modes. We also entertain the idea that the purely
dissipative modes of black hole hydrodynamics may admit Ricci flow description in the
non-linear regime.
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1. Introduction

The question of stability of the Schwarzschild metric against small perturbations of the
geometry arose more than half century ago in the seminal work of Regge and Wheeler, [[I]].
Since then, the subject has grown enormously (see, for instance, the selected works [J—[],



among many other important contributions) and developed into what has become known as
the theory of quasi-normal modes (for reviews of the mathematical and physical aspects of
the problem see, for instance, references [f] and [fi], respectively). In recent years, the theory
of quasi-normal modes has also been extended to black-hole solutions in space-times with
cosmological constant A, and in particular to the AdSy Schwarzschild background, [[i, §l,
which is the subject of this work.

Although the theory of gravitational perturbations of black holes can be studied sys-
tematically in higher dimensions as well, it is important to realize that four space-time
dimensions are rather special in this framework, since they exhibit a remarkable duality
among the two distinct classes of perturbations. The duality exists irrespective of A and
connects the effective Schrodinger problems that describe the axial and polar perturbations
of the metric. This relation was first discovered more that thirty years ago, [] (but see
also reference [fj for an extensive presentation), by considering gravitational perturbations
of the Schwarzschild metric (without cosmological constant) and it gave rise to what has
become known later in the literature as partner potentials in supersymmetric quantum
mechanics, [[, [[(]. The axial-polar relation persists in the presence of cosmological con-
stant, [[], fJ, although supersymmetric quantum mechanics does not necessarily respect the
boundary conditions imposed on the effective wave-functions at spatial infinity. Yet, there
is no fundamental explanation of this occurrence, to the best of our knowledge, and any
new insight into the problem is certainly welcome. Furthermore, there could be reformu-
lations and/or different manifestations of this duality in areas where the general theory of
quasi-normal modes is applicable.

AdS/CFT correspondence, [[]-[LJ], and in particular its generalization to finite tem-
perature field theory, [[4], provide such a framework using the AdS Schwarzschild solution
as background geometry on the bulk. In fact, many well known facts about the thermody-
namics of AdS black holes, as they were originally formulated by Hawking and Page, [[[5],
found a natural manifestation in AdS/CFT correspondence, [[4]. It was subsequently re-
alized that the theory of quasi-normal modes also had a natural place in this framework,
as it describes small deviations from the equilibrium state in finite temperature field the-
ory, [Lf]; the inverse time scale for return to equilibrium is given by the (minus) imaginary
part of the corresponding quasi-normal mode. Although scalar field perturbations on AdS
Schwarzschild backgrounds were in focus at first, the holographic description of the gravita-
tional quasi-normal modes were also investigated and led to some important developments.
The calculations are based on the method of holographic renormalization, [[7—P1], which
under the appropriate boundary conditions at spatial infinity yields the energy-momentum
tensor of the gravitational background on the bulk; this method puts on firm ground a
previous proposal for the definition of quasi-local energy in gravitational theories, 9], and
overcomes its limitations. One of the most spectacular results derived in this context in
recent years has been the connection between black holes and relativistic hydrodynamics
and, in particular, the derivation of a universal value for the ratio of shear viscosity to
entropy density, known as KSS bound, [@, @] They complement quite nicely the old
ideas on black hole hydrodynamics that led to the membrane paradigm, [RF].

AdSy/CFTs correspondence is less studied in the literature up to this date and some



new features in the holographic description of four-dimensional gravity may arise. As
far as the previous discussion is concerned, the axial-polar duality among the gravita-
tional perturbations of AdSy black holes may have an interesting manifestation in the
three-dimensional field theory at the conformal boundary of space-time. Hopefully, it may
also help to explain in more fundamental terms why there is an underlying supersymmet-
ric quantum mechanics in the mathematical description of the gravitational quasi-normal
modes of four-dimensional black holes. Here, we present some new results in this di-
rection and reformulate (at least part of) the problem as black hole energy-momentum
tensor/Cotton tensor duality using general boundary conditions on the wave-functions of
the effective Schrodinger problems for axial and polar perturbations. In this way, the grav-
itational Chern-Simons action on the dual conformal boundary comes into play, since its
energy momentum tensor is by definition the Cotton tensor in three dimensions. Further
details and applications of the correspondence will be presented elsewhere.

The main material of this paper is based on the theory of quasi-normal modes and
the method of holographic renormalization for computing the boundary energy-momentum
tensor. Section 2 contains an overview of the gravitational perturbations of black holes in
four space-time dimensions with emphasis on the AdS; Schwarzschild background. We will
not include the results of numerical investigations that have been carried out in detail and
appear in several research and review papers. We derive, however, the asymptotic expan-
sion of the metric perturbations at spatial infinity that will be useful in the calculations.
Section 3 contains an account of the holographic computation of the energy-momentum
tensor in four-dimensional linearized Einstein gravity and then proceeds with its evalua-
tion under general boundary conditions on the wave-functions of the effective Schrodinger
equations. Some intermediate steps of the calculations described in sections 2 and 3 are
given in appendices A and B, respectively. Section 4 contains some connections with the
hydrodynamic representation of black hole perturbations, while keeping the presentation
superficially simple, and selects a privileged set of boundary conditions by requiring that
the shear viscosity of axial and polar perturbations to be equal. Section 5 contains as
side remark the idea that the pure dissipative hydrodynamic modes of black hole physics
may be accounted by the normalized Ricci flow (when suitably embedded into Einstein’s
equations with negative cosmological constant) at the non-linear level. Section 6 contains
our main observations on the boundary manifestation of axial-polar duality based on the
general formulae included in this paper. It is also shown the this duality operates en-
tirely within the KSS bound for the ratio of shear viscosity to the entropy density of black
holes, thus providing a correspondence between black hole hydrodynamics and the gravita-
tional Chern-Simons theory. Section 7 contains our conclusions and a small list of selected
directions for future work.

Throughout this paper, we set 87G = k2 and Newton’s constant is normalized as G = 1
in the Schwarzschild metric. The boundary conditions (Dirichlet or mixed) always refer to
the wave-functions of the effective Schrédinger problems at spatial infinity and not to the
metric perturbations themselves; of course one follows from the other. We will also abuse
the term “supersymmetric quantum mechanics”, since there are no fermions here. The term
“spatial infinity” will always refer to r = oo in the radial direction of space-time. Finally,



the perturbations of the metric (and related geometric quantities) are complex for each
quasi-normal mode. Apparently, real expressions will arise by appropriate superposition,
although it is not yet known (as far as we can tell from the literature) whether these modes
form a complete set in the strict mathematical sense.

2. Gravitational perturbations of AdS, black holes

In this section we review the basic features of linear perturbations around the four dimen-
sional Schwarzschild background,

Juv = gfg) + 5g;w ) (2'1)

using the canonical decomposition of dg,, into two distinct classes called axial and polar
perturbations, [l. The resulting theory of quasi-normal modes is formulated in the presence
of cosmological constant and some special features of AdS,; black holes are discussed in
detail (see also [[i, §]). Hopefully, the present exposition can be of more general value to
the interested reader, as it contains a number of explicit results together with the companion
appendix A.

2.1 Generalities

First, we recall for notational purposes some basic facts about black holes that will be used
throughout this paper.
Einstein equations in four space-time dimensions with cosmological constant A,

Ruu = Ag;u/ s (22)

admit the Schwarzschild solution as spherically symmetric static configuration of the form

dr? .
ds® = —f(r)dt?* + o) + 72 (d6? + sin*0d¢?) (2.3)
with
2m A,
f()_l_T_§ (2.4)

having the appropriate asymptotic behavior fixed by A.
The Schwarzschild radius of AdSy black holes is provided by the real root of f(r) =
occurring at

Th =

1 1/3
= [ <\/1 — 9m2A + 3mv—A ) (\/1 — 9m2A — 3mv/— ) } . (2.5)
Thus, the black hole radius takes values 0 < r, < 2m depending on the size of A. When A
approaches zero, r, tends to 2m, whereas for A < 0, r, comes close to 0.
It is also useful to introduce the tortoise coordinate r, which is defined by



When A = 0, r, ranges from —oo to 400, as r ranges from the black hole horizon located
at r = ry to infinity. But when A < 0, which is of interest here, r, ranges from —oo up
to some finite value that can be set equal to zero by appropriate choice of the integration
constant. For AdSy black holes, in particular, we have explicitly

™ (2r +1r,)% + a? rn — 6m 2r+r, w
= ———— log———%*———+2a04 —— t - = 2.7
" 4(rp — 3m) (rh 8 4(r —ry)? ea Th + 6m e, 2 27)

o= -2 (12, 29)

AdS black holes come in different sizes and their thermodynamic properties depend

setting for convenience

crucially on the magnitude of ry relative to the AdS radius

L=4/-=. (2.9)

Large black holes have r, > L and become the dominant configurations at high tempera-
tures, whereas small black holes have ry, < L and they are always unstable to decay either
into pure thermal radiation or to black holes with larger mass. In general we have the
following relation among the parameters of the AdS; Schwarzschild background

rg — L?). (2.10)

1
m—rh:mrh(

Thus, large black holes have r, < m, whereas small black holes have 7, > m.
Finally, we recall that very large black holes are naturally associated to the limit
ry, — 00, in which case f(r) is replaced by

flr)= _2Tm - %7‘2 (2.11)

by dropping the constant term. Then, the black holes become essentially flat and their
horizon is related to the other parameters by the simple expression

= (2.12)

2.2 Axial (odd) perturbations

The first class of metric perturbations of four dimensional black holes is tabulated by
matrices labeled by (¢,7,0,®) of the following form

0 0 0holr)

0 0 0hi(r)
O = e~ “'sing 9y Pj(cosh), (2.13)

ho(r) hi(r) 0 0



using the Legendre polynomials P;(cosfl). More general expressions in terms of spherical
harmonics Y;*(6, ¢) can also be employed, but one may only use axially symmetric pertur-
bations, setting m = 0 without loss of generality. Axial perturbations correspond to the so
called vector sector or shear channel in the dictionary of AdS/CFT correspondence.

The linear gravitational perturbations dR,, = Adg,, about the Schwarzschild back-
ground yield the following equation for the (6¢)-component,

mo(r) =22 (sm() (2.14)
whereas the equation for the (r¢)-component reads
r) [ w? -
%ho(r) () = z'fi)) <f(r) _ 4 1321 +2)> ha(r) . (2.15)

These form a coupled system of first order differential equations for the unknown func-
tions ho(r) and hi(r), which are otherwise unrelated. The (t¢)-component gives rise to
a second order differential equation, which, however, is trivially satisfied by virtue of the
previous two equations. All other components of 0R,, are identically zero and yield no
further conditions.

Following Regge and Wheeler, [l], we define the following variable

Trar () = L h (). (2.16)

r

which turns out to satisfy the effective one-dimensional Schrédinger equation

d2
<_W + VRW(T)> Urw (1) = w?Urw(r) (2.17)
with respect to the tortoise coordinate r, with potential
I(l+1 6m
Vew(r) = f(r) ( ( 3 ) T—3> : (2.18)

Thus, one is led to consider solutions of the Regge-Wheeler-Schrodinger problem by im-
posing appropriate boundary conditions (typically ingoing at the black hole horizon and
outgoing at spatial infinity), which in turn can determine gy (r) (and hence hq(r) and
subsequently ho(r)) together with the allowed spectrum of quasi-normal mode frequencies
w.

Vew depend on [ and represent spherically symmetric potentials surrounding the black
hole. Plotting the potentials as function of the tortoise radial coordinate can only be made
numerically because r cannot be expressed in terms of ry in closed form. For A = 0 the
potentials are manifestly positive everywhere and extend on the real line —oco < 1y < 00
falling off to zero at both ends. For A < 0, on the other hand, the potentials extend on the
half-line —oo < r, < 0, becoming zero on the horizon and reaching a finite positive value at
spatial infinity. In this case, however, Vgw are not always everywhere positive definite, but
they can become negative for sufficiently low values of [, namely for large black holes with

1
m>l(l—|- )

Th 6

: (2.19)



thus exhibiting a laguna. Although the differences between large and small AdS; black
holes leave their footprints on the shape of the effective potential barriers for sufficiently
small values of [, their plots are alike for large values of [ exhibiting a maximum peak
followed by a local minimum as r increases towards spatial infinity.

2.3 Polar (even) perturbations

This is a complementary class of metric perturbations parametrized by four arbitrary radial
functions of the general form

f(r)Ho(r)  Hi(r) 0 0
H(r)  H)/fr) 0 0 |
OGuw = e ™! P(cosh) (2.20)
0 0 r?K(r) 0
0 0 0 72K (r)sin%0

They correspond to the so called scalar sector or sound channel in the dictionary of
AdS/CFT correspondence. Study of such linear perturbations éR,, = Ag,, about the
Schwarzschild background yields

Ho(r) = Ha(r) . (2.21)

This choice will be made from the beginning to simplify the remaining equations.
Tedious computation shows that the (¢r)- (rf)- and (tf)-components of the perturba-
tion yield the following equations, respectively,

rK'(r) + (1 - ;J}/((:D K(r) — Ho(r) — il(é :Tl)Hl(r) =0, (2.22)
(f(r)Ho(r))" = f(r)K'(r) +iwH(r) = 0, (2.23)
(f(r)Hy () + iw (Ho(r) + K(r)) =0 . (2.24)

Together they form a coupled system of first order differential equations for the three
unknown functions Hy(r), Hy(r) and K(r). The other components of the perturbation
either yield second order equations or else R, vanishes identically. Note here, however,
that there is an additional algebraic condition among the three radial functions

(2f(r) —rf'(r) =1+ 1)) Hy(r) + i (4w2r -1+ 1)f’(7‘)) Hy(r) = (2.25)
2
2 ) =11+ 1) + 20r% + ——— (4w? + f7 K
(20070 =10+ 1) #2004 s (102 4 °0) ) K0,
which follows from consistency of the various second order equations with the first order

system above; it can also be viewed as integral of the first order system above.
Following Zerilli, [B], we now define the following variable

_ r? f(r)
Uy(r) = (= D0+ +6m <K(T) — szl(T)> , (2.26)



which turns out to satisfy an effective Schrodinger equation, as before,

2
(43 + V) ) walr) = () (227)
with different potential,
Valr) = = i(g))r e (z(z +1)(1— 1)2(1 +2)2 — 24m3A (2.28)
$2 122 33?2 (= 1)(1+2)+ 72;?3)

Again, one has to find solutions and determine the quasi-normal mode spectrum under
appropriate boundary conditions, as before. This will, in turn, lead to expressions for the
three unknown radial functions of polar perturbations.

As before, V depend on [ and represent spherically symmetric potential barriers sur-
rounding the black hole, which are always positive definite reaching a finite value at spatial
infinity. For A < 0, the shape of the potential depends on the size of the black hole. In fact,
V7 appear to increase monotonically for large black holes with sufficiently low values of I,
whereas for large values of [ they exhibit a maximum peak followed by a local minimum
as 1 increases towards spatial infinity. In these cases, Vz resemble the shape of Vrw, but
they rise higher than them for given .

2.4 Supersymmetric partner potentials

The Regge-Wheeler and Zerilli potentials admit the following representation

dw
Vaw (1) = W2(r) — 7dr(r) + w? (2.29)
and aw
Va(r) = W2(r) + dr(r) +w? (2.30)
in terms of a suitably chosen real (positive) function, [, fl, [ (but see also [§)
6mf(r) ,
W(r) = . 2.31
(r) r[(l = 1)(I + 2)r 4 6m] T (2:31)
setting .
we = —ﬁ(z —DIC+1)(1+2) (2.32)
Thus, the two Schrodinger problems under investigation take the closely related form
d? 5 dW 9 9
> W w(r,) = (w2 — w2)U(r, 2.
(- + w25 G0 W) = @ - ot 233)

and resemble supersymmetric partner potentials generated by the superpotential W (ry), [@,
B, [. The quantity E = w? — w? serves as the energy of the effective quantum mechanical
problem, but unlike conventional supersymmetric quantum mechanics, [, [[d], it is not

bounded below by zero. In fact, due to the physical boundary conditions imposed on the



wave functions associated to perturbations of black holes, the quantum theory is that of
an open system and the energies (and hence w) are in general complex.

Due to this relation, which is only present in four space-time dimensions, the solutions
are inter-connected using the conjugate pair of first order operators

d d
A= N Al =~ Y) - 2.34
W), W) (2:34)
The two effective Hamiltonians are simply written as
Hpw = ATA+w?, Hy=AAT+ 42 . (2.35)

Then, if Ugw (74) is a solution of the Regge-Wheeler equation with frequency w, the function
AVRw(74) = i(ws — w)Pz(ry) (2.36)

will be solution of the Zerilli equation with the same frequency. Likewise, a solution of the
Zerilli equation with frequency w gives rise to solution of the Regge-Wheeler equation with
the same frequency, as

ATy (r,) = i(ws + W) Prw(ry) . (2.37)

These relations are particularly useful for justifying mixed boundary conditions on the
wave functions. For A < 0, one typically imposes perfectly reflecting Dirichlet boundary
conditions on the wave functions at spatial infinity located at r, = 0. If the axial and polar
perturbations satisfy simultaneously

Upw (re = 0) = 0 = Uy (r, = 0) (2.38)

supersymmetric quantum mechanics will also imply the Neumann boundary conditions

d
—\Ifz(T*) ’m:O s (239)

d
—WRw(r) |r,=0=0= o

dry

which are too restrictive to hold all together. The conflict is resolved either by abandoning
supersymmetry, meaning that the spectrum of quasi-normal modes of axial and polar
perturbations is taken to be different, or by imposing mixed boundary conditions as dictated
by equations (P-36) and (£-37) above.

We also note for completeness that when A = 0 the boundary conditions imposed at
spatial infinity, namely outgoing waves for either axial or polar perturbations, are compat-
ible with supersymmetric quantum mechanics.

2.5 Asymptotic expansions at spatial infinity

The wave functions Urw(r) and Wy (r) represent incoming waves to the black-hole. There-
fore, they have the following asymptotic expansion close to the horizon, following closely
the analysis of reference [[Id],

U(r) =Y an (1- ’”—h)" em (2.40)



In either case, the coefficients a,, depend upon w. They satisfy a three-term recursion rela-
tion when substituted into the Regge-Wheeler equation and a five-term recursion relation
when substituted into the Zerilli equation. Both power series expansions make good sense
for all 7 when A < 0, because their radius of convergence extends to infinity. Then, the
boundary conditions at spatial infinity impose additional constraints on the coefficients a,,,
which in turn determine the spectrum of allowed quasi-normal modes of AdS, black holes
by numerical methods.

Here, we will reorganize the series expansion of the wave functions in powers of 1/r
to provide their asymptotic behavior at spatial infinity for A < 0. The coefficients will be
determined up to the order relevant for the computation of the energy-momentum tensor
for axial and polar perturbations of AdS, black holes. Thus, these coefficients will be
obtained under general boundary conditions, but in the applications specific choices will
be made at spatial infinity.

(i) Axial perturbations: the asymptotic expansion of the Regge-Wheeler wave function
at spatial infinity is taken to be

L I I iwr.
where the coefficients I depend upon w and they are determined recursively from Iy and
I as
2A
?[2 = 2z'w[1 — l(l + 1)[() N (2.42)
2AI5 = diwly — (I — 1) (1 + 2)I; + 6miy (2.43)

and so on. The boundary conditions at spatial infinity are solely expressed in terms of I
and I;.

The asymptotic expansion of the metric functions ho(r) and hq(r) near spatial infinity
are given in all generality by

5 .
ho(r) = <a0r2 + Bor + 0 + 70 + - ) e (2.44)
hi(r) = (% + % +- ) e (2.45)

where the coefficients can be found in appendix A after expressing them in terms of Iy and
I, for convenience.

(ii) Polar perturbations: likewise, the asymptotic expansion of the Zerilli wave function
at spatial infinity is taken to be

T Jy Ty .
Uy (r) = <J0 R +> e (2.46)

— 10 —



where J, depend upon w and they are determined recursively from Jy and J; via the

relations
2A , 24m?2A
, 24m?A
6m 48m?2A

+—(l (1 2) <l(l +1)+2— —(l 0+ 2)2> Jo, (2.48)
, 24m?2A

N 24m - 12m2A g

NS (—120+232)""
72m? 36m2A

RS ES)E <l(l +1)+1- (SIS 2)2> Jo  (2.49)

and so on. The boundary conditions at spatial infinity are solely expressed in terms of Jy
and Ji, in analogy with the axial perturbations.

The asymptotic expansion of the metric functions Hgy(r), Hi(r) and K(r) take the
following form at spatial infinity,

B 3m Ao | Bo |, Co —iwr,
O(T)_(z—l)(z+2><r +r2+r3+'”>e ’ (250
iw (A B C —iwr
Hi(r) = == (—Tl +7~_21+r_31+'”>e " (2.51)
A B C —dwr
K(T):<R+7+r—2+ﬁ+--->e . (2.52)

The computations are much more involved now and the various coefficients are given ex-
plicitly in appendix A expressing them in terms of Jy and J; alone.

These expansions are consistent with the differential equations as well as with the
algebraic constraint satisfied by the metric functions of axial and polar perturbations with
generic boundary conditions. We also note for completeness that the wave functions could
have been expanded differently, e.g.,

Il Il i
Urw(r) = <Ié + 71 + r_g + - > e, (2.53)

resembling the form of outgoing (rather than incoming) waves at spatial infinity. The
two expressions are equivalent provided that I}, = Iy, I} = I — (6iw/A)Iy, etc, using the
asymptotic expansion 7, = 3/(Ar) + ---. Similar remarks apply to the expansion of ¥y (r)
at spatial infinity.

(iii) Supersymmetric partner boundary conditions: if the spectrum of axial and
polar perturbations are related by supersymmetric quantum mechanics, one should adopt
mixed boundary conditions at spatial infinity that are consistent with the general relation

<—d% + W(T*)> z(ri) = i(ws + w)Trw(rs) - (2.54)

— 11 -



Then, the coefficients Jy and J; arising in the asymptotic expansion of Wy (r) should be
related to the corresponding coefficients Iy and I; of Wry(r) as

i(ws —w)Jy = %Il + <z’(ws —w) — %) Iy, (2.55)

, , 2mA 12m2A

i(ws —w)J; = <z(ws +w) — m) L — <l(l +1) — m) I, (2.56)
Conversely, we also have

i(ws + W)y = —%Jl + <z’(ws W) - %) Jo, (2.57)

, , 2mA 12m*A
i(ws +w) = (z(ws —w) — m) J1+ <l(l +1) - m) Jo . (2.58)

The simplest possibility of this kind is to impose Dirichlet boundary condition on the
axial perturbations and mixed boundary condition on the polar perturbations, so that the
coefficients are fixed by the relations

3 3

Iy =0, Il——(ws—w)Jo, J1:—<i(ws+w)—

T - 2mA )>J0. (2.59)

(—1)(+2

Other special choices of boundary conditions will be made later.

2.6 The sign of Imw
The perturbations diminish at late times provided that I'mw < 0, in which case

1
= —— 2.60
T Imw ( )

provides the characteristic time scale for return to equilibrium. Otherwise, the perturba-
tions grow large at spatial infinity and stability is at stake; also, in such cases, the linear
approximation can not be reliably used to extract the late time behavior of the energy-
momentum tensor on the boundary. The sign of Imw can be shown to be negative when
perfectly reflecting boundary conditions are imposed at spatial infinity for the polar per-
turbations and the same is true for the axial perturbations, at least in those cases that the
Regge-Wheeler potential does not form a laguna. Different boundary conditions at spatial
infinity may affect the sign of I'mw for some modes in the spectrum, but there is no general
proof that this is indeed the case.

The standard analytic argument to address this question, [If] (but see also [[), and
which is extended here to general boundary conditions, starts with the observation that
the substitution ¥(r) = u(r)exp(—iwry) yields the differential equation

d% <f(r)d2—§f)> - 2z‘wdz;5f) - ‘;((:))u(r) =0 (2.61)

for either Regge-Wheeler or Zerilli potentials. Multiplying it with the complex conjugate

function @(r) and integrating over r, we obtain (after integrating by parts the first term)

— 12 —



the following relation,

/Oo dr <f(r)

The right-hand side is simply (A/3).J1.Jy (respectively (A/3)I11y) for polar (respectively
axial) perturbations satisfying general boundary conditions. Taking the imaginary part

du(r)
dr

2 du(r)  V(r)

2= du(r)

IU(T)I2>=f(7“)ﬂ(T) gy =0 - (2:62)

of this integral equation, let us say for polar perturbations, and integrating by parts the
complex conjugate term, we obtain

2 I'mw / ” ara(r) 20 _ %Im(JlJo) — @ (|Jo]? = Ju(ry)?) . (2.63)

dr
This expression yields, upon substitution into the original equation, the final result

/OO dr <f(r)

du(r)
dr

3 3

2
Vz(r A - A - w

The left-hand side is positive definite and therefore I'mw < 0 when Jy = 0. This argument
is certainly inconclusive for more general boundary conditions. For axial perturbations the
coefficients are replaced by Iy and I; but the corresponding potential Vgw can become
negative for large black-holes when [ is sufficiently low. Thus, in those cases, the analytic
argument becomes inconclusive, even for Iy = 0, but numerical analysis shows that all such
modes have Imw < 0.

In the following, we will assume that the spectrum of quasi-normal modes have neg-
ative imaginary part either by selecting boundary conditions for which this is manifest,
by the argument above, or by employing numerical methods to pin down those boundary
conditions that yield I'mw < 0.

3. Holographic energy-momentum tensor

In this section, we briefly review the construction of the boundary energy-momentum
tensor for AdS gravity, following [R(], and apply it to the Schwarzschild solution and its
perturbations. The same results can be obtained using Fefferman-Graham coordinates, as
in the more systematic analysis of holographic renormalization presented in references [[[7—
[9, P1]. The companion appendix B summarizes the results of intermediate steps in the
calculation.

3.1 General considerations

According to the AdS/CFT correspondence, the vacuum expectation value of the energy-
momentum tensor of the boundary quantum field theory,

2 0Seir
V—dety 0vap

<T% >=

(3.1)
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is computed using the quasi-local energy-momentum tensor of a gravitational bulk ac-

tion Sgr, 5
2 or

- Vv —dety 0yap

The action Sg which is defined on an asymptotically AdS space-time M is viewed as

Tab

(3.2)

functional of the boundary metric v4, on M. The resulting 7% typically diverge, but it is
always possible to obtain finite results by adding an appropriately chosen boundary counter-
term whose form depends on the dimensionality of space-time. Holographic renormalization
provides a well defined prescription for implementing the Brown-York procedure, [RZ,
without using a reference space-time to subtract the infinities.

In AdS,/CFTs correspondence, in particular, the gravitational action consists of bulk
and boundary terms chosen as follows, [R(],

Sgr = —L/ d*z/—detg (R[g] + 2A) — i/ d3xy/—dety K
262 s &2 Jon
_3,/_é/ Bar/—det 1+iR[ ] (3.3)
. 3 ons x ety bl .

The first boundary contribution is the usual Gibbons-Hawking term written in terms of
the trace of the second fundamental form, i.e., the extrinsic mean curvature

K =~"K,, (3.4)

associated to the embedding of 9M in M. The second boundary contribution is the contact
term needed to remove all divergencies in the present case.

Then, according to definition, the energy-momentum tensor of the field theory is ex-
pressed in terms of the intrinsic and extrinsic geometry of the AdS boundary at infinity, as

[ A [ 3
/412Tab = Kab - K/yab -2 _g/?/ab + _KGab . (35)

Here, G denotes the Einstein tensor of the induced three-dimensional metric v,

Gar = Raal] — 5 R s - (3.

Clearly, only boundary terms contribute to the answer since the bulk metric is always taken
to satisfy the classical gravitational equations of motion.
In practice, the computation is performed by first writing the metric g on M in the form

ds? = N2dr? + ~ap (da® + N°dr) (da:b + Nbdr> (3.7)

using appropriately chosen (N, N?®) functions, as in an ADM-like decomposition. The
three-dimensional surface arising at fixed distance r serves as boundary OM,. to the interior
four-dimensional region M,.. The induced metric on M, is 4, evaluated at the boundary
value of r, which is held finite at this point. A useful relation among the bulk and boundary

V —detg = Ny/—dety . (3.8)

metrics is
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The second fundamental form K, on OM, is defined using the outward pointing normal
vector 77, to the boundary OM, with components

=N & . (3.9)

In particular, one has
Kab = =Viam) (3.10)

using the covariant derivatives with respect to the bulk metric g; in the present case the
expressions simplify to
Kap =N T'glg] - (3.11)

At the end of the computation, 7% on the AdS boundary M is obtained by letting r — oo.

Since the boundary metric acquires an infinite Weyl factor as r is taken to infinity, it
is more appropriate to think of the AdS boundary as a conformal class of boundaries and
define .# as the boundary space-time with metric

ds?, = Tlingo <—%fyabda:“dxb> . (3.12)

Then, the renormalized energy-momentum tensor on .# is defined accordingly by

A
Trenom — iy (\/—g r Tab> (3.13)

and it is finite. This is the quantity that we will compute for all different type of gravita-
tional perturbations of AdSy black holes.
As for the trace of the energy-momentum tensor on the three-dimensional bound-

ary OM,.,
1 A
k2T = —2K — W—%RM —6y/-3, (3.14)

it has the following leading behavior for large r,

1
Taa ~ ﬁ . (315)
Terms of order 1/r3 are vanishing in this case by the absence of conformal anomalies in
three dimensions, [[L7], and, therefore, the trace of the renormalized energy-momentum

tensor vanishes.

3.2 Static AdS, black holes

We first apply the formalism to the simple example of static AdS4 Schwarzschild solution
that will be subsequently used as reference frame to study the effect of linear perturbations.
All steps of the calculation are included for illustrative reasons.

In this case, we have the following choice of (N, N*) functions,

N®=0, (3.16)
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and the induced metric on dM, is

w=| 0 2 o | (3.17)
0 0 r’sin?f
The second fundamental form turns out to be
f'(r)y/2 0 0
Kug=+f(r) 0O —r 0 (3.18)
0 0 —rsinf

and its trace is

1
K=——— (rf'(r) +41f(r)) . 3.19
ooy 0+ 40) (3.19)
Also, the Ricci curvature tensor of the induced metric v takes the simple form
00 O
Ra[y]=101 0 (3.20)
0 0 sin’6
and the Ricci scalar curvature is 5
R[] = ol (3.21)

Then, following the general prescription for computing the energy-momentum tensor
in AdS gravity, we find the following expressions on dM,.,

KTy = % (ﬁJr 27‘2@ - 2rm> , (3.22)
;(r) ( Fr) + g f’(r)) . 2742\/% (3.23)

and Tyy = sin’ Tyy, whereas all other components are zero.

H,2T99 =

As r — 00, OM, is pushed away to spatial infinity and the energy-momentum tensor
admits the following asymptotic expansion

2m A 1 3 1
2 _ ane - - v -
RTy = =\-3 + 73\ A+0<T3>, (3.24)
3
op M o3[ ].3 1
HT@@— r A+47’2< A +O T3 N (325)
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whereas Tyy = sin Ty, as before. Note at this point that the trace of the energy-

3
S N ] 1
RT% = 17 ( A) +O<T5> (3.26)

exhibiting the correct asymptotic behavior due to the absence of conformal anomaly.

momentum tensor is

The three-dimensional metric on .# is the Lorentzian conformally flat metric on R x S?
written in spherical coordinates,

3
ds’ = —dt* — K(de2 + sin%0d¢?) . (3.27)
The renormalized energy-momentum tensor of the boundary theory has the following non-
vanishing components
2mA
3 )

reproducing the expressions already known in the literature. The superscript (0) is used

0)

szt(tO) = — /{QTe(g) =m, /{2T¢()¢ = m sin’6, (3.28)

for reference to the static background.

3.3 Axial perturbations

Axial perturbations of AdS Schwarzschild black-holes are parametrized by two radial func-
tions ho(r) and hq(r). The four-dimensional metric has coefficients

N = ]‘1’(7‘) . Ng=nhi(r)e“'sing 9yP(cos), N;=0= DNy (3.29)
and the induced three-dimensional metric on dM, is a perturbation of the static metric
0 0 ho(r)
Yo =72+ 0 0 0 |e“sing dyPi(cosh) . (3.30)
ho(r) 0 0

The second fundamental form is also a perturbation of the second fundamental form
of the static solution,

Koy = K + 6Ky (3.31)
and the same thing applies to the Ricci curvature tensor of the metric 74y,
0
R[] = BY) + 6Ry, . (3.32)
However, the traces of K, and R, are inert to the perturbations, i.e.,

K=K©9  R[y=RO", (3.33)

which in turn imply that the trace of the boundary energy-momentum tensor coincides
with the result obtained earlier for the static background,

T% =T, (3.34)
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This can be regarded as consistency check for the cancelation of conformal anomalies for
axial perturbations of the metric.

The complete energy-momentum tensor of the boundary theory on M, assumes the
following form,

0 0 0Ty
Tp=TV+| 0 0 6T |, (3.35)
5’1}(1) 5T9¢ 0

where 0T}4 and dTj4 are given explicitly in appendix B.

Using the asymptotic expansion of the metric functions ho(r) and hi(r) at spatial
infinity, as given in appendix A, we find that all divergencies of 0T, cancel as r — oo
irrespective of boundary conditions. In particular, after conformal rescaling, the three-
dimensional metric on .# takes the form

ds’, = —dt* — % (d92 + sin29d¢2) + Q%e_i“tsinﬁ 09 P;(cosh) dtdo (3.36)

and the non-vanishing components of the axial perturbations of the renormalized energy-
momentum tensor are

A j :
k20T, = _é_w <2m10 +(I-1)(1+2) (3%[0 - Il>> e~ "“sind 9y Py(cosh), (3.37)
K20Tpy = % <31Tw[0 - Il> e~ “tsing[I(1 + 1) Pi(cosf) 4 2cotf dyPi(cosh)] . (3.38)

It can be verified independently, as consistency check, that the total energy-momentum
tensor is traceless and conserved on .#.

3.4 Polar perturbations

Polar perturbations of AdS Schwarzschild black-holes are parametrized by three radial
functions Ho(r), Hi(r) and K(r). In this case, the four-dimensional metric admits an
ADM-like decomposition with coefficients

N = % <1 + %Ho(r)e_wﬂ(cow)) (3.39)
and
N, = Hi(r)e ™' P/(cosf)), Ny=0=N,. (3.40)

Also, the induced three-dimensional metric on 0M,. is a perturbation of the static metric
with diagonal form

f(r)Ho(r) 0 0
Vab = ’Yag) + 0 r2K(r) 0 e Py(cosh) . (3.41)
0 0 r2K(r)sin%0
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The second fundamental form is a perturbation of the corresponding static expression,
as before, and the same thing applies to the Ricci curvature tensor of the corresponding
metric vq. It turns out that the trace of the second fundamental form for polar perturba-

tions is

K=K Ho(r) + 2f(r)Hy(r) + 4iwHy (1)) (3.42)

0 LI
" (4 f(r) o)
+ %\/f(r) (Ho(r) — TK/(T)) >e_i“’tPl(COSH)

and the Ricci curvature scalar is

Rfy) = RO — 2 ((2‘}?;? (-1 + 2)> K(r) +1(1 + 1)H0(r)> ¢ Py(cost) . (3.43)

Note that 6Rys # sin? §Rgg, which will in turn imply that 0Ty # sin’@ 6Ty for the
corresponding components of the energy-momentum tensor. It follows that the trace of
the boundary energy-momentum on dM,. is not inert to these perturbations, since

k2T — g 0)a g r f’(?") _l(l+1) _é r
2pa  _ 2(0)a ((r\/f()+2m 5.2 \/ A)Ho()
2,.2

VI )~ 5y~ <2°J‘j(:) —-n+ 2)> K(r)

o /Fr) K'(r) + Q;TT)HI(TO e~ Py(cost) . (3.44)

However, as we will see shortly, the additional terms are of order O(1/r%) when r — oo, in

agreement with the cancelation of conformal anomalies.
The complete energy-momentum tensor of the boundary theory on M, takes a form
that is complementary to the corresponding expression for axial perturbations, namely

0Ty 0T O
T =T4 + | 6Tw 6Tss 0 | (3.45)
0 0 0Ty,

where the corresponding expressions are given explicitly in appendix B.

Using the asymptotic expansion of the metric functions Hy(r), Hi(r) and K(r) at
spatial infinity, as given in appendix A, we find that all divergencies cancel as r — oo
irrespective of boundary conditions and all works well as required on general grounds. In
this case, the three-dimensional metric on the boundary takes the following form, after
conformal rescaling,

ds’ = —dt? — %[1 + Re™ ™t Py(cosh)](db? + sin®0d¢?) (3.46)
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where R = K (r = 00) is the following function of w

A ) 2mA
R= ng — <zw — m) Jo (3.47)

Explicit calculation shows that the non-vanishing components of the polar perturba-
tions of the renormalized energy-momentum tensor are:

k20T = mA(R — iwsJy)e ! Py(cosh) , (3.48)
K20Typ = i <4m%}2 10+ (1 + 3—3(2) J0> ¢ Py (cost) +
% (% _ (z(z 1)+ %) J0> e coth 9P (cosh), (3.49)
k20T = —i ( m%R— I(1+1) <l(l + 1)—1+%> J0> e~ “!sin?f P)(cosh) —
_% (% _ (z(z 1)+ 67“2> J0> eilsindcosd Ay Pi(cosd) . (3.50)
K26Ty = iw(z ~ 1)1+ 2) ety Py (cosh) (3.51)

It can be verified, as consistency check, that the complete energy-momentum tensor is
traceless and conserved on .#.

Note that the renormalized 07} vanishes only when R = iwgsJy. These are mixed
boundary conditions for the polar perturbations that are supersymmetric partner to per-
fectly reflecting boundary conditions, Iy = 0, for the axial perturbations.

4. Hydrodynamic representation

The energy-momentum tensor associated to the static AdSy black hole represents a perfect
conformal fluid on the three-dimensional boundary with metric gé%), velocity vector u, =

(—=1,0,0) and energy density
K2p = _2mA . (4.1)
3
Thus, it makes sense to compare the fluctuations of the energy-momentum tensor for linear
perturbations of black holes with the theory of first order hydrodynamics. The comparison
is only formal in the general case, but the representation of the results for the energy-
momentum tensor in terms of fluid dynamics will be helpful in the sequel. The true

hydrodynamic modes of black hole physics will also be discussed in this section.

4.1 First order hydrodynamics

Recall that the energy momentum tensor of a perfect relativistic fluid takes the follow-
ing form
Top = pugup + pAap , (4.2)
where
Agy = uqUp + gab (4.3)
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is given in terms of the unit velocity vector u,u® = —1 and the metric. Conformal fluids
have energy-momentum tensor with zero trace and therefore p = 2p in three dimensions.

Deviations from the perfect fluid form are parametrized by adding appropriate viscosity
terms. Since the hydrodynamic velocity is ambiguous for non-equilibrium processes one
should make a (physically insignificant) choice. We will use the so called energy frame,
meaning that u, is the unit time-like eigenvector of T, defined as

Ty’ = —pug (4.4)

Then, the energy-momentum tensor of a general relativistic fluid admits the following
decomposition (see, for instance, the textbook [24)),

Ty = PUqUp + pAab + 1L, (45)

where p, p are the corresponding energy density and pressure fields. TI% is a transverse
tensor, u,I1% = 0, that describes the viscous part of the energy-momentum tensor of the
fluid, and, in general, it admits an expansion in the derivatives of u?,

My =110 +11% . (4.6)

First order hydrodynamics is concerned with the structure of H?{’) and is well studied.
In this case, using the energy frame, we have, [q],

I = —no®® = CA™(Veu), (4.7)

where
0% = 2v=yb> (4.8)

expresses the symmetric, transverse and traceless part of II% up to first derivatives in u®.
Here, we use the notation (adapted to three-dimensional fluids) of the bracketed second
rank tensor

A<ab> — % <AacAbd(Acd + Adc) _ AdbACdAcd) ’ (4‘9)
which is transverse, u,A<%> = 0, and traceless, gu»A<%> = 0. The coefficients 1 and ¢
depend in general on p and they are called shear and bulk viscosity, respectively. Of course,
conformal fluids have { = 0, whereas the value of 17 depends on the particular case.

In this context, one may also consider the vorticity of the velocity vector field u,, which
is defined as follows,

1
Qb = §A“Abd(vcud — Vaue), (4.10)

and it is clearly antisymmetric. As will be seen shortly, axial and polar perturbations can
be distinguished from each other by their vorticity tensor field.

4.2 Formal identifications

Applying first order hydrodynamics to the perturbations of AdS4 black holes we arrive at
the following formal identifications regarding the shear viscosity coefficient:
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(i) Axial perturbations: using the energy-momentum tensor computed for axial per-
turbations with general boundary conditions and the associated metric on %, one easily
finds that the normalized time-like unit vector u, has components

uy=-1, up=0 (4.11)

and
Jiw —iwt s
(=11 +2)| ——1Io— 11 | e *"sinf JgP;(cosb) (4.12)

;
Uy = ———
¢ A

6mw

within the linear approximation. Also, the corresponding energy density is

9 _2mA

K°p = 3 (4.13)

as in the unperturbed black hole case.
Explicit computation shows that all components of HS)) vanish within the linear ap-

proximation apart from

mzﬂég = % <31Tw[0 - Il> e~ “tsing[l(1 + 1) Py(cosf) + 2cotf 9 Pi(cosh)] . (4.14)

Likewise, the computation of o, also shows that all its components vanish apart from
09s. The result turns out to be identical to Ilps up to an overall factor that determines
the coefficient n of shear viscosity for axial perturbation. Direct comparison, within the
context of first order hydrodynamics, yields

3imwS
2, _ , 4.15
T U D)0+ 2)To + 9) (4.15)
where it is set for convenience
(-1 +2) (3iw
=" | —Ih—-1). 4.1
5 6m A° ! (4.16)

As special case, we refer to axial perturbations satisfying perfectly reflecting boundary
conditions, Iy = 0, for which it turns out that

Jimw
2
Kn= —— . 4.17
T U=Da+2) (4.17)
The axial perturbations have a vorticity field with non-vanishing component
A? 3i ,
0% = — 9:)5 (%Io - Il> e "“'sind Pj(cosh) (4.18)

under general boundary conditions.
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(ii) Polar perturbations: similar considerations for polar perturbations satisfying gen-
eral boundary conditions yield the normalized time-like unit vector with components

w=-1, uy=0, (4.19)

and .

o iw
~ 4mA
whereas the corresponding energy density turns out to be

Ug (1 = 1)(1 + 2)Jpe 9y P(cosh) , (4.20)

Kp = —@ + mA(R — iwsJy)e “ Py(cosh) . (4.21)

Explicit computation of the tensor Hg? yields

1 12mR 6w? .
M) = - (e (1 1)+ et
w gy = s\ Ty D73 ) o e x
[[(I 4+ 1)P;(cosB) + 2coth Oy P;(cosh)] (4.22)
and
1Y) = —sin?0 11 | (4.23)

in agreement with its traceless property. All other components of Il,, vanish within the
linear approximation. To compare with first order hydrodynamics we also compute o4, and
find that its components vanish apart from ogg and o44. Their expressions are proportional
to Ilgg and Ily4, respectively, and comparison yields the following coefficient 7 of shear
viscosity for polar perturbations,

K2 = imA ( 12mi (l(l +1)+ 6%2» . (4.24)

T u -0 +2) \(— DI +2)7

The special case of polar perturbations with mixed boundary conditions R = iwsJy,
which are supersymmetric partner to perfectly reflecting boundary conditions on the axial
perturbations, leads to the coefficient

2 3imw

mn:(

I—1)(1+2) (4.25)

This value is identical to the shear viscosity of axial perturbations with perfectly reflecting
boundary conditions.

The polar perturbations always have vanishing vorticity, which distinguishes them from
the axial perturbation.

4.3 True hydrodynamic modes

The hydrodynamic representation of the energy-momentum tensor of black hole perturba-
tions is just a convenient (yet formal) way to rewrite the results of the calculation. Never-
theless, there is a fundamental relation between the physics of black holes and relativistic
hydrodynamics that goes beyond first order and extends to higher order causal theories
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of fluid dynamics, [27-BI]. The hydrodynamic equations can be thought as an effective
theory describing the dynamics of the system at large length and time scales. The true
hydrodynamic modes of black hole perturbations are identified by computing the retarded
two-point Green functions of the energy momentum tensor and finding their behavior at
zero spatial momentum for low frequencies (for an overview, see, for instance, [P4], and
references therein). A rather general result has emerged in this context in recent years,
namely that the ratio of shear viscosity to the entropy density of a very large AdS black hole
assumes a universal value, [23]. More precisely, it turns out that the true hydrodynamic
modes have shear viscosity

K°n = " (4.26)

that is independent of [, and, therefore, the ratio of shear viscosity to entropy density is

n 4 3 1
T~ (_= S 4.2
S 7‘}21 ( A) " 47 (4.27)

in units where Boltzmann’s constant and Planck’s constant are set equal to 1. This result
appears to be valid in all dimensions and it has been further argued that it provides an
absolute lower bound (known as KSS bound) for the ratio 7/s of all substances in nature;
see also the general presentations [R4] by the same authors.

The first example of true hydrodynamic modes is provided by purely dissipative modes
with frequencies
-1+ 2)

Q= —i
! 37‘h

: (4.28)

which turn out to belong to the spectrum of axial perturbations satisfying Dirichlet bound-
ary conditions, Iy = 0, up to O(1/r?) corrections, [§, BJ]. Thus, for very large AdS, black
holes the values €)g are exact and the corresponding shear viscosity coefficient, as calculated

earlier, is

3imw m

2

_ = _ 4.2
=TT aE) o (4.29)

and yields the KSS value. Polar perturbations with mixed boundary conditions R = iws
also admit purely dissipative modes with frequencies Qs and yield the same result ({.29)
for very large black holes.

Another example of true hydrodynamic modes is provided by the complex values
of frequency
(-1(1+2)

4.30
2, (4.30)

Q=+ —%l(l—i—l)—z’

which turn out to belong to the spectrum of polar perturbations satisfying mixed boundary
conditions R = 0, up to O(1/rf) corrections, BZ). Thus, for very large AdS, black holes
the values 21 are exact and the corresponding shear viscosity coefficient, as calculated
earlier, turns out to be

imA 6w? m
KAy = ol = D012 (l(l—l—l)—l—T> = (4.31)
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up to O(1/ 7’}21) corrections, and it yields the KSS value, as before. Axial perturbations with
mixed boundary conditions

I 3. w 6m
n a1 2) i -

are supersymmetric partner to polar perturbations with R = 0 and as such they also admit
quasi-normal modes with complex frequencies 1. Comparison with the corresponding
shear viscosity coefficient yields the same result (f.31)) for very large black holes.

Actually, one can easily show that the only supersymmetric partner boundary condi-
tions that yield

Taxial = Tlpolar 5 (433)

as computed explicitly in the previous subsection on general grounds, are (i) Iy = 0 and
R = iwgJy, and (ii) I /Iy given by equation (f.33) and R = 0; all other boundary conditions
yield Naxial # Mpolar- Furthermore, by demanding

Taxial = Tlpolar = m/rh » (434)

it follows from the analysis above that the only allowed frequencies are €25 and Q4
when 1, — o0.

Gravitational perturbations associated to true hydrodynamic modes (of either type)
satisfying the above special boundary conditions will be particularly relevant in section 6.

5. Connection with the normalized Ricci flow on S?

The observation made in the literature, as result of numerical investigations, that very
large AdSy black holes exhibit purely dissipative modes for axial perturbations satisfying
perfectly reflecting Dirichlet boundary conditions with frequencies (4.28), €, calls for an
analytic explanation. The same set of modes also arise for polar perturbations satisfying
mixed boundary conditions that are supersymmetric partner to the axial perturbations of
very large AdS, black holes with Dirichlet boundary conditions.

Recall at this point that there is a second order geometric evolution equation for metrics

on a Riemannian manifold driven by the Ricci curvature tensor,

aug/u/ = _Rul/a (51)

known as Ricci flow (see, for instance, the collection of selected works [BJ]). The volume
of space is not preserved under the evolution, but it is always possible to define a variant,
known as normalized Ricci flow, which is volume preserving. The Ricci flow for the class
of conformally flat metrics on S2,

ds3 = 2e®FW dzdz | (5.2)

takes the following form
y® = e 200® (5.3)
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whereas the corresponding normalized Ricci flow on S? with fixed area 4r is given by
0P = e %000 + 1. (5.4)

The constant curvature metric provides the fixed point for the normalized Ricci flow
equation on S2. In fact, the canonical metric is reached from any given initial data after
sufficiently long time. It is instructive to examine the spectrum of linear perturbations
around this equilibrium state at late times, using small axially symmetric deformations of
the round unit sphere parametrized by €;(u)P;(cosf),

ds3 = [1 + €;(u)Py(cosh)] (d6? + sin®0de?) . (5.5)

It can be easily verified that the normalized Ricci flow yields the following characteristic
decay of metric perturbations, as © — o0,

U
e(w) = /(0)exp (—5(1 1)+ 2)) . (5.6)
Then, the spectrum of purely imaginary frequencies associated to the normalized Ricci flow
is given by
=1l +2
o =D +2) 57

5 )
up to a universal factor that depends on the physical scale of v and can be identified with
3rn/2 to match the values (4.24).

In view of this relation, it is natural to expect that there is an embedding of the (nor-
malized) Ricci flow into Einstein equations so that the resulting four-dimensional metric
describes a new radiative class of space-times. In this context, u should have the inter-
pretation of retarded time and the AdS, black hole should arise as a fixed point (static)
configuration after all radiation has been damped away. Also, in this context, 75 = 1/i€)q
should be the characteristic time scale, depending on [, for the multi-pole gravitational
radiation damping close to equilibrium. We do not expect this embedding to exist when
A = 0 nor to be exact in the non-linear regime when the size of the black hole is not very
large. This idea might be more natural to implement in the polar sector which resembles
the perturbations (@) in the spherical part of the four-dimensional metric.

It will also be interesting to have an analogous analytic explanation for the existence of
the complex frequencies Q4 in the quasi-normal mode spectrum of very large AdS, black
holes. The boundary conditions are different in this case and, therefore, the geometric
framework that may account for their presence will not be the same.

6. Energy-momentum /Cotton tensor duality

In this section we describe the main application of the results for the energy-momentum
tensor of perturbed black holes. We first introduce the notion of Cotton tensor in three
dimensions, using the Chern-Simons gravitational action, and then compare the two ex-
pressions for suitably selected boundary conditions.
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6.1 Chern-Simons gravitational action

In three dimensions there is a quantity that remains invariant under local conformal changes
of the metric 4, and vanishes if and only if the metric is conformally flat. It is provided
by the density v/dety C%,, where Cy; is an odd parity tensor, called Cotton tensor,

Crab ( cocdyy Rb 4 (bedyy Rad>

1
2/ —dety

6acd

1
= ——V.(Ry— "R 6.1

V/—dety c( Tyt (6.1)
with €9 = 1. The Cotton tensor is symmetric, traceless and identically covariantly con-
served. As such, it arises as functional derivative of a geometric invariant, namely the
three-dimensional gravitational Chern-Simons action, [B4],

1 6Scs
Cp= —u—2 6.2
b /—detry dyab (6.2)
where
1 2
Scs = B} dgﬂ?\/ —dety Gabcrge <8brid + grngZd> : (6.3)

Scs is an action of third order in the dynamical variables of the theory.

The gravitational Chern-Simons action on the boundary of asymptotically locally AdS,
backgrounds arises from the topological Hirzebruch-Pontryagin action on the bulk space-
time, namely

1
/d4$\/ —dethabcd*Rade = B /d4$€abefRabcdRede, (6.4)

since the integrant is a total derivative; the R A R action enters into the definition of the
signature 7(M). When the perturbations of black holes satisfy general boundary conditions,
so that the boundary metric is not conformally flat, the corresponding Cotton tensor is
non-vanishing. Thus, adding Scg to the boundary action improves the boundary energy-
momentum tensor by the Cotton tensor and changes the characteristics of the fluid velocity
field in the hydrodynamic representation of the problem; for example, the polar sector,
which has no vorticity, acquires some by this modification. We will not pursue this general
connection further in the present exposition. Instead, we will restrict ourselves to the
rather curious observation that the Cotton tensor and the energy-momentum tensor of
black hole perturbations exhibit an azial-polar duality with respect to appropriately chosen
supersymmetric partner boundary conditions.

6.2 The new correspondence for black holes

We are now in position to establish the relation between the energy-momentum tensor of
black hole perturbations and the Cotton tensor of a dual boundary metric by studying
separately the polar and axial cases.
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(i) Polar perturbations: let us first consider the boundary metric for polar perturba-
tions of AdSy black holes, which is given in general by

ds? (polar) = —dt? — %[1 + Re™ ™' Py(cosh)](db? + sin®0d¢?) . (6.5)

Straightforward computation shows that its Cotton tensor has the following non-
vanishing components,

Cop = %Re_imsinﬂl(l + 1) P(cosf) + 2cotl Oy Py(cosb)], (6.6)
Cip = %(z — 1)(I + 2)Re”“'sind 9pPi(cos) . (6.7)

As such, they resemble the perturbations of the energy-momentum tensor for axial pertur-
bations. In fact, choosing the overall constant
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the identification is exact provided that the energy-momentum tensor of axial perturbations
is evaluated at Iy = 0, in which case the corresponding boundary metric is conformally
flat,

ds? (axial) = —dt* — %(déﬂ + sin?0dp?) . (6.9)
Thus, using the dual boundary metrics (6.9) and (b.9), it follows that
Cup(polar) = k20T (axial) (6.10)

for the supersymmetric partner boundary conditions
R = inJQ s [() =0 (6.11)
respectively, so that w stays the same on both sides of the equality.

(ii) Axial perturbations: next, we consider the boundary metric for axial perturbations
of AdS, black holes, which is given in general by

3
A

In this case, the Cotton tensor of the metric has the following non-

T
ds% (axial) = —dt* — = (d6? + sin®0d¢?) + 950 e—iwtging Og Py (cosb) dtde . (6.12)
w

vanishing components

2mA? .
Cy = — ?w wsIpe ™' Py(cosh) (6.13)
iA 3w\
= — DIy (14 =) e ™P
Che 6wl(l + 1)1 ( + A > e ) (cosf) +
iA 62 ;
—l—afo <l(l +1)+ T) e~“cotd g Pi(cosh), (6.14)
: 2
Cyp = —%l(l +1)I <l(l +1) -1+ 3%) e~ “!sin?0 Py (cosh) —
. 2 )
—&Io (+1)+ b e~ "“'sinfcos DpP;(cosh), (6.15)
6w A
Cy = %(l — 1)(1 4 2)Ipe" !9y P(cosh) (6.16)
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which resemble the perturbations of the energy-momentum tensor for polar perturbations.
The identification becomes exact choosing
Jiw

I, = 2~
07 9A

Jo, (6.17)

provided that R = 0, in which case the corresponding boundary metric is conformally flat,

ds? (polar) = —dt? — %(d92 + sin?6d¢?) . (6.18)

Thus, using the dual boundary metrics (6.19) and (6.1§), it follows that
Cp(axial) = k26T, (polar) (6.19)

for the supersymmetric partner boundary conditions

I 3 w 6m
R=0 — = —iw|1l—— —_— 6.20
’ ( ws>+(l—1)(l—|—2)’ (6:20)
respectively, so that w is the same on both sides of the equality, as before. In this case, the
perturbations satisfy mixed boundary conditions on both sides of the relation.
Remarkably, the supersymmetric partner boundary conditions that realize the energy-
momentum/Cotton tensor duality for AdS,; black holes are only these ones with

shear viscosity
Taxial = Tlpolar - (621)

Thus, the true hydrodynamic modes of very large black holes with frequencies €)s and
Q4, which fit precisely in this framework, admit a new alternative description in terms
of the three-dimensional Chern-Simons gravitational action on the dual boundary. The
perturbations of the Schwarzschild metric at the conformal boundary, which arise on the
right-hand side of the correspondence (6.10) and (f.19), are simply zero,

5g;w |ﬂ: 0. (6.22)

7. Conclusions

We have computed the boundary energy-momentum tensor of AdS, black holes for gravita-
tional perturbations that satisfy arbitrary boundary conditions at spatial infinity. The (yet
mysterious) relation between the effective Schrodinger problems for axial and polar per-
turbations, which is best described by supersymmetric quantum mechanics, translates into
a duality between the energy-momentum and the Cotton tensor for appropriately chosen
boundary conditions at spatial infinity. This framework accommodates the hydrodynamic
modes of large AdSy black holes, which satisfy the KSS bound n/s = 1/4x, and, as such,
it can be viewed as a new correspondence operating on this bound.

Some related remarks have also appeared recently in the literature, [@], and in partic-
ular [BY] that introduces the notion of dual gravitons on general grounds, but their manifes-
tation in AdSy black hole backgrounds has not been made explicit. The results also seem
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to be related to the (electric-magnetic) duality rotations of the linearized four-dimensional
Einstein equations, [B7 (but see also [B for earlier work), which are formulated with
no reference to Killing symmetries; for further discussion and generalizations (including
Einstein equations with cosmological constant) we refer the reader to the literature [Bg-
A1]. Clearly, these connections deserve further study that is left to future work. The
applications in AdSy/CFTj correspondence at finite temperature in view of the proposed
correspondence with the gravitational Chern-Simons theory on the dual boundary will also
be investigated in detail in separate publication.

Finally, another interesting question that emerged in this context is the possibility to
construct exact radiative metrics of vacuum Einstein equations with negative cosmological
constant, which settle to large AdSy black holes and account for the special frequencies
of their hydrodynamic modes upon linearization. If this expectation materializes, the
hydrodynamic modes will be extended in the non-linear regime and provide the gravity
dual of non-linear hydrodynamics in closed form. Embedding the Ricci flow into gravity
seems to play a role in this direction and it will also be investigated further in the future.
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Note added in v2. The bulk interpretation of the energy-momentum/Cotton tensor
duality was investigated further by the author in the recent paper [[J]. There, it was found
that spherical gravitational perturbations of AdSy space-time, which also split into axial
and polar classes, are simply interchanged by the electric/magnetic duality of linearized
gravity. In this simplified case, the axial and polar perturbations obey the same Schrodinger
problem and thus the same boundary conditions at spatial infinity. The electric/magnetic
duality of gravitational perturbations around AdS, space-time applies to all possible bound-
ary conditions and it has holographic manifestation as energy-momentum/Cotton tensor
duality at the conformal infinity.

New features arise in the presence of black holes, since the axial and polar perturbations
satisfy supersymmetric partner Schrodinger problems. Also, it is not known whether the
electric/magnetic duality of linearized gravity in the bulk persists for perturbations around
non-trivial backgrounds, such as the AdS, Schwarzschild solution. However, we believe that
there is a remnant of duality in the linearlized theory, which explains the supersymmetric
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partnership of the black hole perturbations, althought it might not be applicable to all
possible boundary conditions at spatial infinity. In fact, its validity might very well be
restricted to the special boundary conditions singled out in the present work and provide
the missing link for the bulk interpretation of the energy-momentum/Cotton tensor duality
for AdSy black holes. In this context, the gravitational electric/magnetic duality will act
as symmetry of the KSS bound, in analogy with S-duality of BPS states of gravitational
theories; the same rational may also apply to the more general hydrodynamic relation
Naxial = TMpolar Under the previledged set of boundary conditions.

These problems require separate investigation, which we intend to present elsewhere
to illuminate their physical interpretation.

A. Coefficients of the asymptotic expansion

In this appendix we summarize the first few coefficients in the asymptotic expansion of
the metric functions arising in the perturbations of AdS, black holes. These are the only
relevant terms for the computation of the boundary energy-momentum tensor under general
boundary conditions.

(i) Axial perturbations: the coefficients of the metric function ho(r) are

iA (A=1)(l+2
apg = —3—[0, ﬁo = IO) Yo = _ZMIO,
w 2w
141 i 3w?
do =~ 10—3—w<(1—1)(z+2)+T>11, (A.1)

expressing them all in terms of Iy and I; for convenience. Likewise, the coefficients of the

metric function hy(r) are

3 3
a1 = —KI(), ﬁl = —Kll . (AQ)

(ii) Polar perturbations: the computations are much more involved now and the ex-
pressions are quite cumbersome. The coefficients in the asymptotic expansion of Hg(r)
turn out to be

m w2
A(] = <2i(ws +w)—%+m(l—l)(l+2)> J(]—%Jl, (A3)
w m?
By = (I-1)(+2) <1 + [1 R —112)2(11}% 2)2D Jo +
(1—1)(1+2) 62 12iwm
—|—T <(l—1)(l+2)+T—m> 15 (A.4)
Co = —% [1(1 R0 +1) —4) + %(z — ) +2)]+
6m 6w?] = 6iw
+m |:l(l+1)—4+T:| +T> JO+ (A5)

+(l(l+1)—4+6—x2+2:7°;A(l—1)(l+2)[(l—1)(l+2)+6—x2]>J1.
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Likewise, the coefficients in the asymptotic expansion of Hj(r) are given by

Ay = (z’w— %) Jo— %Jl, (A6)
B = (z(z+1>-1-%> Jo— (m+%> . (AT
C :3<m%+%[1(1+1)+2—%b%+

% <1(z+1)—4— &Tw[zw%]) Ji . (A.8)

Finally, the coefficients in the asymptotic expansion of K(r) are

R= 4, B:%A, (A.9)
A= —% <z<z +1) - %) Jo+ <iw+ %) T, (A10)
0= (z(z 1) [l(l o1y 28 ] _%Zii 2)2%
+ 12iwm [1 L _%%ﬁ 2)2D Jo
+<m%+%[l—%&+%]>h. (A.11)

In all expressions above the results are described entirely in terms of the coefficients Jy
and J; for convenience, although this does not particularly simplify the lengthy formulae.

B. Energy-momentum tensor on oM,

In this appendix we provide the intermediate results in the calculation of the boundary
energy-momentum tensor for perturbations of AdSy black holes.

(i) Axial perturbations: holographic renormalization yields the following result for the
perturbations of the energy-momentum tensor on M, in terms of the corresponding metric
coefficients ho(r) and hy(r),

k20T, = ([%W*‘ 2f/;r(1) — 2 /_% + \/_%(1_12)#] ho(r)—
1

VI (o) + z‘whl(r))> et 9yP(costd),  (B.1)
oty = - (VT i ] ) s

xsinf[l(l + 1) Py(cos) + 2coth Dy P;(cosh)], (B.2)

whereas the other components vanish.
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(ii) Polar perturbations: likewise, we obtain the following result for the perturbations

of the energy-momentum tensor on 0M, in terms of the corresponding metric functions
Hy(r), Hi(r) and K(r),

K0Ty = f(r) ([im— 2@— 712\/% }Ho(r) —Vf(r) K'(r)

+ W A K( )> e Py(cosh), (B.3)
/ w?r? |
K26Thy = ([ r f + 70 — 22 _%+2f(r) —%:|K(7’)
2 , 2 r2 )
+3vf(7’)K(7‘)— W —5\/]"(7’) H(r)

_r [J—+ J—} ofr >> e~ B (cost)

_ L / _E Ho(r)e_i‘*’tcotH Dy Py(cosf) (B.4)
5T A WP 3
s ([ VIt \/— 2y g sk K

r? r r? /
+ E\/m K'(r) — iw——xH1(r) — 5 f(r) Hy(r)

f(r)
r rf'(r) _Wi+1) /3 it
- 5[ O ]HO(T)) e~ Py(cost)
+ %\ / 3 Ho(r)e_i“’tcotﬁ 0y Py(cosb) , (B.5)
k26T = % <z'w —— K(r)++/f(r) Hi(r > ) | e 9y Py(cosh) . (B.6)
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